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STABILITY OF¥ A STEADY PLANE SHOCK - 4. E, Roberts

In & 5teaay plane $ﬂ@@k in o mW@=dimﬂn3$@nal perfect fluid heving sn eguation
of state which is independent of sentyropy, firgt-order periurbatiocns are intréduned inbe
the shaps of the sha@& apd in The hydﬁ@dynamic qmmn&iﬁias in the shocked material. F@f
these perturbaitions a sysﬁéﬁiof linesr partial differentisl equations in two indspens
“dent varisbles holds behind the'ah@ﬁkﬂ with boundary G?mditﬁ@#g at the shoek given in
termﬁlof the perturbatien in the shosk p@giﬁi@no For ény'given initial ddsturbance, !
th@.aquationsy when solved for gonditions at m‘p@inﬁ on the sheck at soms lavter time,
wield for the &m@litud@ of @mmh'Fouwi@r component of the perturbation in the shook
positien an intsgral. @qu&tian which expresses the amplitude in terms of its past his-
tory and the initial conditions.. The adluti@n of this integral equation ie discussed,
It is sh@wn that for dnit al disturbanc@s Which are finite in extent the ahoc% is
always stable, provided the Chepman-Jouguet point is n@t'@xc@ededu_ Iu'fa@t?'f@r sach
@igturbamﬁﬁﬁg'the ah@ck undergoes damped oseillations which in general for large timgs

. 3“. * . ' .
die oub et least as t -, In the omse of mn initial disturbance ouly in the immediats
- ) 7 :

‘meighborhood of the shock front, the oscillaticns in fact die oub asympiotically ae

e f

& . . . . - .
g 3/2, ﬁwmeﬁﬂ@al results are pregsented in graphieal form Tor this latter typs of ind-

ffb

tial disturbance for a shmﬁk with & mauyr@aauun ratic 2, apd e walus of ¥=3% in the

suation of state.
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STABILITY OF A STEADY PLANE S70CK

y

Ke wish to investigate the tims behavior of small perturbations in a steady |

B

& *

plane shock-in @ two-dimensional perfect compremeible fiuid having an equation of atats

* - p = ()
% "\;;(' . H N,

waich is independent of entrepy.  We hove as th: undlsturbed stete a plens shock ad-

vancing into material at rest, with pressure, ipecific volume, and material velosity
all congbant in spree and time shead of the shock, and bebind the shock. TFirst-order
perturbaticons are then assumed in the positisn of the sheck, and in the hydrodynamical

quantities behind the shock. The time behevior of any initially specified disturbance

of this sert is then determined.

Lo Baundary‘cdnditioaa at the Sheck

C@nsider the problem im & refermee system in which, in the undisturbed
atates the sheoked material is &ﬁ westa_ Leﬁd z be the c@&rdin&ﬁ@ normal 4o the unw.
disturbed shock front, which we take to bs raveling in the ~z direction; &nd 1ot %
be the coordinzte along the shock front. If U and u, are, rﬁape@zivély, the spesd

of the shock end the speed of the shocked meterisl, both relative to the unshocked

a

material, then in our reference system the shock Travels with ve

es?

Locity Ueuy in the -z

€5

Py

direction, and the unshocked meterial flows wlth velocity u, in the +» direction un®il
it meebs the shock which brings it ©o rest. Chooslog as origin the pesition of the
undisburbed shook 2t seme indtial time te &, wo may draw the following z-% diagram few

4

the undisturbed state.
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Shock N\ an E / '
g+ (U=u, )bz O E—i:r@
U=ty h ar

> 8

ropresentative paj

of & material pgi-
tiels f/%

#

A the equations for first-order perturb&tﬁons'wiil be iinear, if is 3uffim’
¢cient to consider perﬁurb&tioga which depend on the csordinate =x by the factor o1EX,
The general cass will. then be simply & superposition of such harmonie perturbations.
Gonassquently we take as the pusﬁti@n'@f the perturbed shock front; ’

| g {Uougdbs eh(t)elkx | (1.1)
the parameter é beﬁmg 8@&11w©f firsy @rdaf” of whiéh paweré greater than the f£fa%
are neglectsd in the f@ll@wﬁmg9 |

Ahsah of the sheck, the material is at pressure zerc, with normal spesifiec
volume v,, and maberial veloelby w, in thé % dﬁre@ti@@g Behind the shock, @veaaura;

specific volume and componeats of maverial velocity in the perturbed state are, ro=

gpectively, of the forms:

pe ept(e, )t

UNCLASSIFIED

v evi(e,t)elkn ' e
2 p,¥ eonstenis (1.2)

S ikx
su {z,t e

1hx

1, ¥ ’
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Bubt, now;

ks 41 1 Gp . 1
peepd e¥F = plvarawl &A1) 2 plv) sevd Ew,aj{x
P ¥ ex | : =
and sincs
dp 1 dp e@ ‘
dw ~ we do | we

)

whers ¢ 48 undisturbed sound veleclty behind the shock, we huve,

o

prlz,t) = = (eENP) v4{z,t) | (1.3

L

ﬁu&@ ve@»@&@ pormal and tangent to Tthe shock front are, respecbively:

. ’ vai s

f‘h 2 = &i};‘: h{-t) e‘t"’ ) Krll“%' %1

e e o {-3 }: .
N g A c.ﬁ-.;.;f
T, = %, + ek h{z) e &

Iy xye €3k (B o7 2y

where Xy, 23y are usit vectors in directien of imcrsasing %, %.
S . - . 7 e
Qﬁnservation of mass requires that ﬁ(gmm@arial G@h@©k> gl\belequ&l on bobh

sides of the shéckgvor;

at shock

cA—

e l= T gt e(dnfat et

& 2% AKE §; U+ru, ﬁ'é(&h/ﬁt)eikyi
T B - v 4 6VE eikx

®
=2

/
(Vd/%@‘”‘%(l #/ o) db/ﬁﬁ
Lat te undisbarbed aomprﬁssi@n ratio be:
vz v/, ‘@%&41 : o (1.5)

53

then The zbove can be writien:

st ghoek: L » | | . UNCLASS!HED

mz,:,{lmr}ﬁ {1:6)
Cut = oo vl (1er) db/as o .7
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This i8 to be at the shock, 2+ rj% = ﬁh@img However, as the undisgturbed quantitiss
are coustanits, we make ne error in firs%wardar terms if we take ths shock conditions
‘*-‘z;@ hold at = +rlUt = |
Coms&arv&ti@n of mamentumfrequiras that ’

Pty Myl endemm
bs equal on beoth ‘si\déa of the sheck. The tﬁng@m’ti&l component of this, together with
the conservation of mass, reguires Y, ® T?L %to be conbinucus, or;

eu, ik h(t)e”k” 2 eul gdlx
or, ' |

at z+r0t =0, ‘a% = 1k(1-r)7 h{t) Y (1.8

The normal component iss |

2 ikx 252 2.d Lix .
02 - 2ye{dh/dt)e so = EC UC ra2rle(ug ﬁh/dﬂe +p= {of52) v oikx
Vg i V'%“é"{f‘“l Béﬁm

which givea:
= FA2TE 42 ' (1.9
P iy {1.9)

and

- . < 11; ; S .
= tg.rﬁ(l-?ra 5) — &t z+zrU% = O (3.10}

Let;
3 = (#0/e)?

Defining & constant v in the shecked material bys

gd%?
¥ d Luwsw

then

S eSS

rov | weRen) YO
APPROVED FOR PUBLI C REL:
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Collecting resulits, we have behind the shock froub:

v vy
= 5§%§£2=m2 | | (1.13)

Wi

with undisturbed meteriel wsleclity zers; and at the shock front, nmemely for

2410t & 0, the following boundary conditions for first-order berms;

k2

3 . .
uy 2 Ak{l-p)Un{%)

B
==
3

L st

R;/‘

; Leg

, ’ ug = los : _ :

o | | \ o {1.3e)
| v 25 (l-p) dult) | ,

v = =0 at
If & »1 the shock s clearly unstable, for them shock veloclty decreases with increne-

-
1

ing pressure. The Chapman-Jougust cenditien le s=1l. In the following, them, we sbhal

sseunne thats

Degeld {1.15)

II. FEquetions of E«wi@m ?@‘urﬁ a"lm, Shoek *
Bohind ths shock, nsmely for & rUt v 0, the hydrodynamic eguation of mobion
isg
| E‘}g/é‘t@:ﬁ > Pu+vp 20
ors

 UNCLASSIFED
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2 -
Qug Gl 2 2 vt g
¢ ”‘ﬁ,"& @ ® 7@‘2 i {@ @MCZX} = O :
O o k5
« | unolASSIFIED
and , | LW
@131 iy e s i
g -t @ o2 2 (g = @iﬁmE = 0
&% dz v
o
5 1
W5, # w
K 8 3
i Q5 Ll e O 2.1
ot v (-1)
and
Bul s & jek
B M%ﬂ = 0 {E.2)
It dz v/

v '/’ } ; v 0
e)-Z 3w =
or
o
Veoeuvou e Phrve (bwv) =0
el It
ST T ‘
A e @im}wﬁﬂﬁw {& u-ﬁ ot Y - 2 {e Z:i o*E) = 0
dx Sz F a%i:, v
Em% & .
Il W Y e o e | s § 2 () 2:3)
" O PR v { 3

157, Restebament of Problsm

L

It ds convenient to Introduce the dims nrsz_cmlcms guantities:

¢
2{p,T) = _u.z&_;iwl

ri '

1.,
5?}?(?;}::; = Z‘i&ﬁiﬁﬁ} %

U (3.1)
47 e Y vi{g,%) ’ .
)Q“\.g}i? L) = e

g{T) = k{i=r) h{t)

as functions of the independsnt variables:

® :
From bhm polint on [ ks, and not density.

UNCLASSTFiE

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

{\5»&4’

Eas. (2.1}, [2.2) snd {2.3) are thens

ax i, fm
= -=f =0 {3:3)
Ay o
;% -2 o ‘ (3:dy)
o% 8 ég
cix = -«%fé = {3.5)
5? 3%
‘with boundary conditions at ¢ »1=0, from (1.1h) sad (1.1h4'):
i I i Finl
x(~EL1) = ?%(&) 3.6)
i¢s -
A=T0) = = g" (1) {3.7)
1@5
28 .
BLY = — (D) {3.8)
=8 . :
where r and s are restricted paramnsters:
Der <l . .
{3.93
Cesel

The problem is then to dsbemine g as s function of T, Eavnn given an initlally

© Y

specified disturbance; that is, given x{p ,0) 2 }bﬁﬁ}g %@;wﬁ} = aﬁg} and ﬂ{agﬂ}iig (n)

fargxg(h This initial disturbence myﬁu develop v time in such & maoner

above differsptial equations for p »0 and The boundsry conditioms at o*‘ 20 remain
satisfied at all timss. g{f) will then be uniquely determined for T2 0. ,

#hile the selution was first csrried oubt working directuv"with the above
gystem of first-order lxm@&r pertial differsabial equations, 1% is gquite a bi@ gimpley
firet o reduce the aystem to a @ingla gecond-order equation, which in this case is

pa&sibl@l)o Differentiating (3.L) wi rﬁﬁpéeﬁ to @ eand {3.5) with respect to T,

1) Phis simpler derivation iz dus o J. W. Calkin.

?  UNCLASSIFIED
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and add%ng:y y | ’ " | = 1 UNCLASSIF 'ED

18 ax i éegf 8% _

| L = petaE T0 | (3:20)
But 'th@n ugi’ng (5&3) 5 :?f'@ have:
' ‘ 32¢ 2 | -
® ng “&%W =0 i (3.11)

The boundary nandxtlons 8t o +1 0 can be @xpz‘ass@d in terms of g md 2 first derivi=

tive. Aleng p-s"i 0, 4/dt F /3T =3/, =o frop (3’307)
: c‘}%’ E)%/ lﬁ-s
3%t~ é

But adding (5 L) and {5 5) ,
-3 ags aﬂa a,éz?

w(ﬂg} &t 5’"&'&’» . | (;ﬁl)

S5 01Ty (3:23)
So from (3. 13) (3. 6) and (,73 3,2’}, one bmndary @oudi”c:e.ém isgs
:; if ;’g m g”{”ii}%-; g("i), ot gwi =0 (3.14)
and the other is (3.8): '\ | o
| | Sk @ (3.15)
Re 3%@.‘%:&,&5 imtml cand‘% tlions; , |
| ﬁ(w} = f(p)s 050 (3.6
and, from (3.5) | ‘ | -
| o= (a)»rwo) - 3an

Iv¥, Reduction of Problem to on In@*egral Touation for 2{1)

L

One proaaad«* ‘w the methed m Rismann for solvxn{; the. mm»xaﬁi *mlxw pr@bﬁi::m
Por @ .smmndaord@x' lineaxr hyp@rb@lic pa.z'tml diffsrential @qu&‘tmm Now the Fao {3.11)

has charscteristics: (1/,/’5 is the sound . veloclty in the units of the problem)

and o | - -
| ?“?1 = ‘”(1/{5}{@@21)

 UNCUASSFD
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] L

M; e point {@Ll "Ll) on the ahoclcq just one characteristic comes from the

&hocﬁed meterial, nemely: .
| = (A=) | (1.2)
G&x&di‘x‘;ﬁons at (J{l 9'21}? are influenced only by what has ha?pen@d in the region G ds-
fined by: | |

. T20

pel20 - ’ ’ (Lo3)

Ty & (14/3)(T=1) |

¥ 1-///E)T, ;o"}“\
One now f£inds an &pprepm&t@»"m@zﬁmm f‘un ction® for {3%. 11) and r@gicm G (amalugwa
to the Green function for an sziip"ﬁc differential equa,tion} ‘Thia Blfreu}m be & Fm’w
sicular solubion of the self-adjoint aamat:mn {3.11), a&y 5{“{03&9@03 0) £ f(noﬁggc .
Such a amct‘f on can be found, &zamming it depends only on the qu&m‘;iw;s,., ' _ ‘

= J/8) DR < (popo)2 = /%SIA/E)(‘EQ?T)" (p-pa H{OWB TG0 ¢ (ppod} (o)

Substituting in {3.11)
’ (5

WEmY ‘éﬁm&');_’_%mfg m‘j}_ﬂc (ﬁ‘:a "G) fﬁ? R ( jzw) e R ”J. (§ ?52 ‘&'f’ R = 0
(R g (hjltﬁ’ Mzﬁﬁj ( )"‘“““}:‘D:?*‘ £7{R) 25 (R}

B n ~ UNCLASSIFIED
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)8 (1/R) fs(awf{m o L )

" This is the diffe m*ia} @qm tion’ far ubﬂ e ag@i fuz

&
Cﬁ

tiong of order zero. The appro-

e

priste Rismann function ias‘

. - : : .
N - v e v 8 o
uf{§}.m Jaﬁle/g}ifach)2~=ig-ﬁﬁb} jg : o {L.6)
A ‘

- & S o
ﬁ@y the region ¢ we toake T, wl., sndd. 2 =1
& g =rL? ; :

L d@nmting the ap@reumr'sfégjﬁég =:(3 /§?2)3 hen from {3.11);
'WQ%M = i v@r = 0 (o)
Also: , I S S L
PRI & o L Bfy O § . BF ., af) '
fi)f; ’”%}Ji b ﬂ «u?;: L :Tcglg e.aj:: o wmas ;::n:fb e G o {fi.-og)
SR & T T el sl Bo Sof - g
s . Lo § { ) e
w Indbegrating %hi&vdivafgen@@ @xmr@@ai@ﬁ'@V@f- it -@nd_emgloyimgnaauaﬁﬂ theoren
toe gipress T i

ipresa the surfece integral ag a Zim@ A@aegral &xa@ﬁd +the b@uﬂd&rya
- . . S Fw - '
?“ : : 523 3/7% 7
wabg ‘ 5:) Ffim } dﬁ. 2 = 8 3

IS

E, U i .
Lo -,afi- .
IR I
! “f~;>j??0.
L -

2 § J" ...,.w S bk Wt il Podadt : " ® &3
k 8 ) o, -&g‘g} M §f = at {,i%,
: &% 0 8o o D Y S N
o TR E L ¥Ry A
§ v_w - . S }m .
Y ! ! S . i a T
o %f:& . §’~7 Jéf éj; m{é”%i%‘@ jf 32 6’ Eﬁ}i : d‘t&:
YA Nm TF SR = S
'jﬁ',L,g vl Gig \Exﬁ? &?j @%é:@
ﬁ@wgf@%'ikagz; L -
Ny |
o i W N 7
£ Jd, %/é%/@«-if%fi}gg

: : ’
1.
;/ﬁ”(ﬂ“z‘PT

@w«nmfmw ‘-—...::»«

e%ww; \
w {09 }2'
APyt

ae UNCI.ASSIHED

wwwﬁm—"—z . 51.1;:)
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= g . sl m)
- ‘,zms @ @: { @f Jy 1./ (1-8)/s {LF (3!
Oé’ s & j YA , Je{li=8)
wa 2 f" e le)/a ("‘a:pl)% e

&0

£ \//"gms | _ Ry
and for @, thers ers the i“ns..mﬂ_ e@ndlcimna (Z: 36} (3 li[} amd uhe boundary mm@ itions
{3.4h), {5 157 ot oéﬁzu-ﬂ v ﬁen@m {h ) becomes;: |

sl T '
3{5 f%l g{lygigﬂaw } (ﬁi/gc(oﬂl) )

- 8.(9) (5] Jlg/é‘:l/ﬁc(owl) ﬂ ap
szjg, e {oﬂl)ﬁ j

= =8

r' "‘v

s ()4 a}nl)
! _
+ 5 /5 %‘?’%_%ﬁ at
_“ ? ?1:(€1°‘z)/ﬁ
K 1 ??va's - | ~
s h "ffmw gm X uf’m
Al@ng.
| ‘E 8 18
R ’a" -
¥ ('z Y/ TR
B8O '%.,hfa 1m‘h®gr@ti<}n &lamg the chm*acuermti.c cm; be cm'”.z.ed out. If this is done, and

@ s o s .
ir ﬁ’ar'@h@m@m we wm_w T rfor ew mzd g  for ¢ a8 w,m,ab},@ of integration, we then

B h&‘m the followixxg, inbegro=differential eaguwa:z.on 5‘@"’ (’i};

leg

-~ 3_-%.;.3 . ) { ? é - O ’ R .
&/ g“f@} 'T}‘E g %”{U’)?"" E’sfﬁf)} g (‘@’G’)g’ dg = Zﬂ"?}» R R

G ‘ i 4 o
where ﬂ(i) 45 a koowd funcbion in terms of bthe imitial waiues:

ams vaCLA.SSlHED |
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1ey = L g (A >
Fueﬁ el {
- : : ix, (o

* ﬁdf)(o)l Jogu/’?ia/s - (ga%"?.)?}@g;o(m __g,_{,,/a /s = (o4’ {gw)a’} o

A WA A
vl 8/18 s = (peDF | !

or

0= g ffg), g 1, (jh>
/g(ﬁ) \sgg N ‘i}?ﬂ(/“ ) 1=3 (O)Jg«i s E

. 5 E;l«ﬁ>/é/%’1%@

| O

/@2/5@ qu},‘@)c« %‘2

_ In gemeral iz physical cases in which we are interested, the initial diss‘“curbanc@ wi’ﬁ.l

Is _ A s 2
%olp)? @fﬁ?/mw@?} (ps DK )+ < iolp) | 22 Ve g

be limited to some finite region. Say, for example, that :&u(?), foz(»@) @, {Q) all van-

ish for P 2P., For some fimed s then for ??ﬂ 8/{1=/8)ic, we have;
PPy F1 1

1? i“w ?1
20 = -2 g1(0) 3, f g %-%ie) esc,é/%?/sa (mﬁ}
O .
. 1 : v
o iove g }g;‘/fz?/w (o+1)5 |
%f;?“) %(?H o fﬁa{?? 3 '{"Qs.fg)é d?
and since for x —3 o, both J,{(x) «saée} and Ji(bx} - 0, we then have:
for s o0, J(T)~20 (L)
_ ‘ @ , L
Moreover, it is seen thet in such a cease 2{T)a? exists, ag both Jo{#)dx and
o _ o ' _ io

c}‘i{x)dx exist.
In the spscial case of = disturbance limited initially to the immediate

neighborhood of the shoeck fromt, we have for 720,

lrs leog ' o
G ERACG R FHOEN = B (415
In ob’bavmur an analybical expresaion f@r z2{f) by, %NemStﬂE place
transforms, it is only slightly wore comvenlent to reduce {Lh.12 tc e Volterra iwmbegral
¥y °g

- -
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P

aguation. In any case, if it is desired to ecalculste g{T) mumericelly for some parbic-

ular 2(‘2}3 it is d@fimi*cely more convenient to reduce {4.12) to such a form. This in
d§n@ by integrating by parts "@mdez"‘_’cxhe integral sign on the left of { {le12), and Hhen
integrating the entire @qz.m'bian once with respest to 1. There resulis the following
sguation T

S

e(t) =) | glo) x(E-4) dr a6

where the kernel is:

g '-'z Fﬂ
K{x}z}’f“/a s‘,_-;% <1s> ;Z%

el

e =

\ Jo(w) dw

° )

{Lo27)

Boscrm i,

/5 J 1-8 8

gnd where -

',, .=' e;/ gg, igs leg g{0) g ' ’ﬁi } {, "a"
x(?) ij Eﬁ(’?)%— gt(0) Jgé *%) dw{l /) 2/z +(14s) d, ) ié%_ﬁ,g;

Prom {44.18) and the abaveadiacussed_proparums of ,{f.(/f}s it is seen that for

of

initial disturbances limited to & finite regiom, that:
for . _ T30, £(1) =€, ¢ some finite constant _ ‘ {L019)
For the m}ecml case of & disturbance ini‘i:;ially only inm the immediste neighe

.
}

‘borhood of the shotlk:

o f{ | |
2HE) = foi'éf} ﬁf(:.f/m’;?ﬁ E‘j w{lva ) daé/r—]_:ﬁ;)?a @N}é | {L.20)

i \m

V. Solution of the Integral Fouation

Takmg the Laplace transform of (L, 16), making use of the fact that

£ “foo
o-al g flgsf)fa(@ @)@J at g oo fl{wpaca(@w?"fgmew afdo

R

8"@3

i

‘ o
o4 p (e o | o7 £(8)al, {= T -0 (5.1)

o

= fl}’; {&) - f-?.’&(@g’}a
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Wwe. have;

gL {w) = £ ’0‘)%1_!{&3 k()
or
4
g () = m%ﬁw (5.2)
iiL(ﬁt’v)
The h&pl&ﬂ@ w&nsfarrzs of the Bessel functions are Zm@m» .
’EBD .
a™% JI{ y’-—wl %} dx = s 3. - ¢ i
Jo ch—a /@g +(1==ﬁ)/ﬂ§
{5.3)
W Aes/s =
eaem ' g (w) dw dx = ,(l S}/ﬂ
Jo o Sefe? ¢ {1=8)/=
50 for the kernel K{x): ; _ S :
- 1% otf/( 1w M% o '
KL(&‘) - 1=a/5 %’v 5 (1«%«3} /(1-8) »aﬁl/gzr . ' (5.1)
Cit/E ji-s ,/gg. (1«&)/:5 ‘
and . ) ‘ :
1 R £ \/'“)2 m/g@ +(1-8)/e (5.5)

1Ky (0) ef; el WWWH 198) a2 ¢ (1=a)/r
For @y @, l/ﬂ)loKL(@-}E - 19 go that the coel i‘zcmn‘é: of *L(@L) in {5, 2} contains a
term which is the transform of the delta functiom. This leads us %o write (5@.2) in the

faorms

gple) = f i) ¢

(s0)e 425 (ami7s - abe (1=s)/r e (56)
2/s %/@@moa)/wmwmmuam)/r e

and the a@ln‘&:.wn in the forms §
%

e(f) = £{(T)+ ﬁ 2(s) B(i-0) do (5.7
| . | -

where the resclving kernel is the fun@timiwh%aﬁmpl&@a transform is;

Gsayal v (ionyfa e ) - (1en)fe
af&f-r(lws)/a%-(wa)mgwmczz)/r

T, () = (5.8)
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)

Q2 : _ ' C : . - |
ia «f'ﬁ . 1 %ﬁ g o N 7 1 "’g -
«W‘ e R 3."&‘ i ?Cig‘.‘g %2‘%" gg - @«;m} rg L ST é\ ] 5 - fal‘&" \rif,

% (s r{l=/2) ( i-s V/ (3 ﬁ)/ﬂ i / ~{i-8), (1+/5)2 ‘%’/ﬁ | ﬁ)g |

ii & 2(1*4? a'=2r)alfr(l=s) +-1/re

>

In order t¢ construch. K, ~one breaks this d%’ninta apprapxi&t‘é facters which are kuowm

knowm, tmm;fermso_ Jo the case s r, this can be written inm real form;

T (o )"' ’ CHRUNNUEUS SRS Sy
2 4 l=r 4 smr}"‘ r{l=8) G&*h;‘@zau%{(iw,a}/a _ —_—
SRRSO ST (59)
"&Z%JE?P /5% }5/fr(1-3) as, Mbs)/a |

g
-

Gy 145 [les ‘“w{ws)/gvﬁ
gﬁ”' 2(1s/8} i &' (1=r){5wr)

S | - {}cm}
&zl 4 T . e 2 201,
¢ ! - {kﬁ)@p &{1¢g§/f° ffi /’3 b &Lfiar fﬁ;:% /x}%er {14 a)//’”

) e
B C’l@. 21‘“{3&8)

Similarly in the eass s< 1"3 ii; 4s convenlent Lo write;
. ‘ -

EN
Bt Dy :

oa?-’ %EW/;/??(},@S) M/f &%W‘?’

| 5 (san
1 S R B3trDs B oDy, |
@2 »2%/5?5 {/r{i=8) «l/r |{e+/as+ (1”3)/5 v

- ‘ A

wh@f@‘ o

=y = A0

‘ ;’g P(les '5

T(1+ﬁ)/ﬁ°f{1*J3)

n E/rilwﬁ)(rma)'v L

__oER N
2/r(i-8)(r=8 ‘ K

Dy = Dy, = ~ Lfex

o Eg?ﬁ:f&:ﬁ

u;giLASSIHED |
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s make use of the f@MO‘m,xﬁg known transforms: a ,ED
i sin x '

Ao 5 the transform of ohX - 13

cl 17 3] 5 ﬂx g A’E’? . . ‘ o
e i : e cos px 44 sin ¥x {(5-14)
(@ct@}e %’é"g . %’ %J é’ j {5 }44’

and i :

-mj:;,:—:n-“—-: o ‘éa % w M}_&l » ’ (5015}
AR gz? . iy

In the case s>r, we use (5.14) taking ﬁ:o and )y = (/T-r %* sx ) f/T(1=s), and (5.15)
taking ¥ = ,‘/W Then: |

3

(‘f) = Cofxios) S) sin “/T -r /ax & CLWM Wﬁa{*’mcﬁxg

J

Jier ﬁ/Scr /r{1%s) j ez = fs=r L:/TU"’E)

{L:«r +/ser Jii/{ {i=s)/s J\} ;

. (x3) b 1 , . {5.16

“”o Ve i ey S

1

. %C? y’lcr m:{swr (x=¥) J?(v(l“’s)/s 3’% a
S5 wo‘ /r(}_a ) W {l=s)fs ¥

e

This cen be put into different form which will bs more convenient for seeing the

2.8y upto‘bic behavier of R{x) for 18@‘@@ x. The following definite integrals will be

ussfals
AOD : - . )
=@.y cos fgy I(YJ:) @y/éfé.}&am“ %{ //{ & {ﬁ”é’}e}{@a %{ﬁ;?5}2} Qﬁ‘? -‘S‘C?Zna b g‘a ’ .
o by (5.17)
‘o o 1 ~ : = o
o sin By il-;zw@- ay = PR y"i/j/{@? wpmP2H + (P02 -a® =12 (5.18)

For immediste purposes we require the aspecial cases where ¢L=0. Here we

mast distinguish c&no:a, as ‘/(ﬁa = )2 = 53’2 = };’2 or 32 352 according asg é;g 7 ga or &2{, 52
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(5:19)

%
"'%i;

N
%"m

’ .
A2y _ 8-rt 825//(1@)&%@&”)-%—89(1@@ _ ‘gs,, Tor & /5o7; 2

AL - rs(l-s) - re{les)

worsover, 8/T5F >/iF, for

.32{1=r) = {Smr) = s8-8 +r(icse} = (1ws2)(}rms/(i &)}
and, from {1.12}, whez*e‘the y’ in these equations 1z now the- ag’ of the equaticm of
s*ﬁateg éo that‘ yel:

8 r
e = e " . - _ O
T T T oy (P2

- Hence, in any case:

ST A
| W
So using {5.19) and {5.20) Wi'\?}h these values of gj and Y:
oo ‘o \
\E\ cos ({x=y) J}t{g{y) dy = cos ﬁx cos E@y i&é@ﬂ ay
Q LS i .

A4

‘ J o
4+ 8in ﬁx sin ﬁ»y ME%Q dy (5.21)
; o v

LY
= 52 _ afmg x

or ‘ : . -
L Y C
ﬁ o V/’lar *9*f==r (xm7) d1(/Ti=8)/8 3}}% 5/1=% 5 /5(8=r) aip 12T ‘@"ﬁaf (xey)
T AR - g b & e =
o) E fr{i=s) SO-8)/3 ¥ {1+/5) Jr(1=5) 5 JE e8]
L
performing the appropriate algebra shows that: i ‘ 4
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8fiE -/"‘<"’”““‘M TGl
U RTER) (afa) /T o

with m%lim w"mmcm bewr@@m Gz and ¢, hence:
3 »»fw

7 ™ : 5
Voo ;Y ! o S 3 sy
gmiié%%: sin Q*/la /5F cos JLSEILEE ¢y y)é /G=8)78 2 dy (5.
JLler ifeer L,Q/r(lws:) é:z g{b r{i=g) j Sli=a)/a
-
X N . fo [« o
and the similar rels LEh O3 a Che But since - ; i o= = s WE can
| w2 | oo J=
write K{x} in the form: . R
' 5
o)
[I=F & /5=t
for s>y, {x) =Cy cos ¢ e mww:fm: K=y ¢
x Sellesn)
¥ y
7D o [P ol |
o . . P
Jl{ 1=8 7: a dy - g§ cos % d=p ‘=:. /?fa:vr {X@gf)
\/{1«55}/3 y ix Jr{les)
o ~ bt

Jiy(3=e)/s ;§
Vil=s R

or using the trigonometric addition formula, meking & change of varisble: ¥® 2%R,

1+s / l=r B=T
= T COB [—- g 008 e
}L 8 v r{i-g) J r{i=g)

and using (5.10):

fO‘Z‘ @Q}* Ef’,, s ,1%&4/«5 g“ﬁﬁ
Kix)= = ﬁ
=V e 0 |
: - {5-2h)
gmlb(v‘i?‘;’)/olﬁ sin f I=p 3 sin /@;E‘ ?% @3{ { é:) 8 gX%Z}% dg
D SR AT T L remsemnmaree Bl B AL 2 , 4y
v@m?}{ﬁcﬁ‘} JrQes) . Jr(ies) | SATElE (ase)

As s limiting case of thisz, we cen obtain the expression for K{x) in ths
cass 8 e . Hamely: , ' :
g 2, of { . x ?
g BB B 1/{1?} {M e
S S f ﬂcr)/r {34m)

Procesding in similar manner for the case s ¢r, taking in {5.13) and {5:14)

for p=r, K{n} = —

f/ﬁz & Ar=58)/r{l=s) and Y= f{ler;/r{les), and in {5.15) gzﬁf:ﬁfg: we have from

(5,11 : !g | -
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i - o = P—-

— ; vt i
c‘. = *imx i 397’(" { =Y \k ﬂ;a_,; - o e
/‘i*" 81/7(h8) % lg, cos ;immmﬁ’é Bp j S by fol1o8) ,,gm;fmfw w) T————
) . w;'& ilnﬁ’ er j Jep / g g"{\_;_c:a{j j ’

#

; | J— -
e N N :;,}maz‘; mfjimm
gy / By w@ggja"{ias} % El# ?51 D@ ( =§§g ;&:%
s J 2
f“m?“ . Iier . =B r{l-8) [i=r }Y 1=
e/ {r=8) (18] I“a-r} By sea/fm (x=»y}%»<= By f:m &1 fell=s) | T e {x=¥) Jﬁ{ s S‘)/g ?.}

o ; ¢ r(l=8) J inr ‘wa Jer r{l=8) Dg\/i’ﬁ,ug}[a v
= ' . )
. ﬁ/(gua)/x- a; {x=v) {85 cos ?iiﬁ;m ('@y)”}gﬁﬁ g:ﬁ%% ;z;*_{:i—fz_)m%sm | 1=g (x-y) E\ ;j/{”k s)/n ;? 1y
: jlaz‘ “J Ler } J v{i=s) j f(lwﬁ)/,s ¥

’\}

+

2]

0 : ¥ r{l=3)

% ) o

Futting in the values of the B'm and D's from (5.12)3 and noting that {5.17) and (5.18) give, on teking

! m;fz’cs%)jw( Evg}, é’jwj{*{ r)/r(i-g), and ¥= ‘f(lcs)/s and performing some algebra, the follow :mg;g
i'z = .\ & ﬂr>
ﬁzcﬁ)ﬁ”% ma} {=y) g’c@s\ e {%oy) Jliv’f{l Bu 2L gy

foo
j(} \aing g r(l»s, flmﬂ)/@ y

L s‘/zig"}/}’ﬁl"ﬁ xfj;fs(r =g} {QOS\} jmm x tg/ler X@oa‘}j} = - X - {5.87)

S (14/5) Jrlies) é sinf fr(iez) e(1-2)

i% . is seen that K(x) oan be writbten:

B Lr:

o L R = [x0ee)/E - 500/E) o fAex  pQes)feei- /s Sl -
' g 2/rii-s } ' i i/ma y v{les) ,fbr frgi 8) ‘ _ %
e ’ s - ‘ Lo |
g’ LA *‘/ﬁ"@)/ a} {z=y) gﬁi cos fiT )%.? ?(3‘%3};’/& sin f:j;iim, {z=y) *31</ (i=s)/s } ay (5J48:}§
=] 20-/5) Jo o rame U St T eGee) STi=a3fs ¥ a
Mmoo - _ o ==
L | e s § g - o Y\ la /‘i@* é / - - ao——
S 4 m“/vm‘“} e {1-e ) # gz’iﬁ cos fii¥ “&2 ?{Eébf{: ain [ AN { (l-e)/s (x4 } dz 8

4 2{1=/8) 40 ga’ 8 fﬁ‘(los) J(der){r-8)  f r{ies) j J=8) /s (xez)
=@l=
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in sny of the
forme {5.2L), {5.258) or (5 28), the problem is now in principle solved for eny given

‘§. 2

initial disturbance,for by (5.7)

, i - \
gl€)= £{@)+; £(a) ¥{T-0) do (5-29)
S e | .

o be carried out in

ﬁ
o3
8
oF
o
Q
=
(]
R
5
[
<
@

In amy practical case the numerical inbtegrations 1
thesgs ﬁlsea would be prohibitive., We should, n@@artﬁ@l@ﬁﬁﬁ iike to v@t sone idea of
the behavior of g{T) for large values of 4, =and in aﬁ@ general case of an initisl
disturbance which is finibe in extent. That is, for an £{%€) having the property [L.19).

5,

Niow we know the asympbotie behavior of Jy{x):

b3

or large =%, , leA) A 2 ﬁfk} snmfx«oﬁ/@} {(5.30)

From this it is seen from the above expressions for K{x), that:

a8 L--d o, E&kﬂ —3% 0 at least as rapidly &s x@ﬁ/e {(5.31)
In all cases, then g‘ E(x)dx exists &nd c&n then In fact be ovaiua nd ag th@ iimit
d .
of {5.8) for ot 0. It is seen from this thatb:
mm' _ o
|, B = (5.32)
0 .
Hence:
8 Ty  g{l) —20 ea-j ¢ E{o)dor 2 C=0
jo
ox | | 5(2) = 0 | (5.33)

b

La 8 gensral S@ﬁm b, we can conssguently state thet, for an ipitiel dis

&

bancs Pinite in extent., th@ disturbance on the shosk fromt will eventwally be damped

out. While the rate of damping depends on the pariicular £{T), it appwers froz the

e el
above that it is st lemst as L7%,
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VI, Purther fﬂx&lysi? of the Specisl Case of an Initial Disturbance Limited to the

Immediate E\amghbomm@d o the Shock Front

e shall derive the analy‘ﬁ“ma? expressions for g( 3 in the speeial case

mentioned in (L.20) above. Namely, for: .

£{% ’ D = g\D) { ivs 8 |
(D) = £,{D) WSE ffﬂ vs) J, fl zs)"/' E}f | (6.1)

Ims‘t@ad of doing this by integratien in the form (5.7} it is perbapse simpler
'&”@ procesd agaim by Leplace transforms. For this:

6L} = miélzzé&z)xm ' 6.2
gL( ) 1Ry (0] {6:2)

Enowlng the transform of the Bessel function:
b

QT R R W ey @:} o — (6.
fo @R | 7

we haves

R , |
1 2fe L+s o

; T AR T R . ) ’ éc o

{1%/;)2 NS ‘/’%2 4{1=8)/s ’ (1)

where g},w} hes bean mm as 1, for convenience, Using, then, {5.5), we have:

ffﬁL{QQ =

e fa) = A %J%‘““’( 51*)/"" = %ﬂﬂ“ﬁmﬂ) a’ “’“‘&.('J’“kf)"@hr?é« (6.5)
L T r{1-s) ot $2{1+8-20) @;J_:’/X‘{lcﬂ} 12 e

If then we proceed as we did in arviving at expressions for ¥(x), we secure;

for a > r,

. pr N——
Iy el - -
g(t) = jrii=s) D }m sin B GOB o
j 2 }EG wﬂimr r(l=0} fr{l=r)

(6.6)

. — o
Y I I > 3«3’1& (EEDVRCTY %

= o %
R e R L sy v

feo [ T, " y
g{t) = | g@sin UL COB w"%‘/maz )/r (‘ﬁ“@»z)} {6.7)

o | F A FOEE (1)
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g??) % =/ {r=s)fr{i=5) T cos f lep ,§¢ Ja =7 gin £ A {e
J v{i-8} S leri(r=5) Jfr(ima)
iy - | |
EX '5}_;} m eﬁ‘,/(x’sa)/x‘{izg) (ﬁmﬁ,) i asin {‘Z ﬁ“')
vos o B Ve r(l @)

con AT (=) Jl@” e
/ r{l-8) v (1=8 /s g

. _ 6.8
I‘(laﬁ @ m\/(fng}/?‘(i :g\ % l . lex . ( u;‘
8 0 jﬁ;ﬁ: sin r{i-s} ‘ ‘ \

coB /IQr } Jlgf(lwﬁ)/@ (@#m)g

R
i

T e | T TR (e
Numerical results have been th&in@d in one special case, nemely f@r’f(f) of
‘this form, and for the particular choice of parameters:
ro=1/2
8 =1/3 |
This corresponds to y=3% in the squation of atate, fors.
s = o/f{l-r) =1/3 if y=3 and r=1/2

The solution was not obtained from the above analyticel expressions, but by

(6-9)

the 1B mechines which solved the integral‘@qu&tiom (hnié} by fimitevdifferenaegg The
graph of g(7) for this case. is shown in Fig. 1. The &mplitude has fallen to about 7.5%
of its initisl value @hen the second meximum is resmched, which is about by %the time the

shock has traveled the distence of two wave lengths into the undisturbed meterial.

The analytical expression for ¥his case ia:

e“’t’f é.cgg f;ﬁ—?g @ Qaf} a8in JT Zv-s
P L ~(9=0342 g}m 372 (1=0) +/% cos /372 (1= a)j Jl(ﬁ % (6.10)

+ B E[ ""’5'/(/“ g@in VeV d"%»/g cos m6§ m;{f@“{»‘@)}
0

L-.p'

g{7) =

B

6+
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The integrals contribute terms which fer large L behave as @”3/ 2 times an

oacillating function.

¥IT. Sclution for Infipite Wave Length

Since, in the above discussion, ws have omployed as independent wariables;
T=krit and £ =ke, we have precluded tho possivility of getting from the results the
golution for k = 0. However, this is sasily derived,

For k = 0, the eriginel differentisl eguations are;

Mok ‘

SU =0

ot v

1

é\iu_ 2 & ﬁ(rr } ! .

ety @ o o P ',.".0 . . @3»

&t oz &v T (7-3)
and 3 “
: E‘,mé ) é > -0

dz &t Yv

It is clear that u% is serc. Adding -c times the third squation to the
&écomdg | v |
@ ai{ %‘“‘E‘i =0 | - (7.2)
which states that the qwm‘bity “‘x %»c{vl/v) is p}:‘@pagate& as a constant along the
characteristics s+ ot = const. The characteristic of this family 'th%uwgh the point
(=70t ,%y) is: |
serUl S olyew) S {7.3)
which intersects the t=20 lins at ‘(C“I’U}"Gls Q‘% or <§“Ug(1wﬁ}/§} tbo},, using the

definition of s. Hence .we hm'e} ag u%%a(vl/v) has the same value at all polints of

{T3): f \} |
fa, vt - ‘
\ug ¥o 'ﬁ;’} =t = {Lz ve ~wj =0 , {7-4)
’ zzwﬁﬁvtl ' z:sﬂj na/a)/’/ﬁﬁdgASﬂF ED
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Applyzug the bound&ry and &nibial Qouaitxan39 then:

__%;@ y Shlty) ..,ml(rU W,Z:t o)+ LY ( Ji(laf)/‘/j%ao)

1-3‘/"’ b f‘ v | (?"5_)
Integrating: C . v_ o L V.‘&
: wwff g'l U v1§ R »
h{t}s:h(o) T e w %-ﬁu =0 - dby
S (.m/“')(; £ f L ‘/g z:rUE(lajg)/‘/g}tl

- or

- | g%f o rﬂEZla/*}A/a t 1y (390} 1 vl(z 0}
H0 = MO /o) |

Por an initial élsturbance which is findte in extent; then m% and vl vaniﬁh for all

(7:6)

ry J@ v

z.>za for gome fixed g« ?or all values of % ?&/“/X]g/wiﬁ /%U th@ above 5ntegr&1 and
"h@n&a b(’E) r@main conmtant.

‘ As a re&ul for an inltxal finite disturb&nmag the ahock front advances a.
fized am@mnt nhead of its undiaturbed posltion” &m@ to the zere=0rdar Fouriar cgmpa%
"nondt (in the variable x, the coordimate aleng t&@ shock) of the dzsturbanca, m@anQ'
mhile it is undergolng the da&ped ascilla tions in the highermcrd@r components as

studied in the pracedimg ssctlions,

S UNCLASSRD

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

AMPLITUDE —> {in units of initial emnlitude)
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